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Abstract: This paper describes the mathematical model, control and simulation of 3DoF (Degrees of Freedom) robot manipulator moving
in a three-dimensions Cartesian coordinate frame. The four Denavit-Hartenberg (D-H) parameters are used to determine the homogenous
transformations matrices of the links of the robot and express the robot’s forward kinematics. Both link position and orientation are embedded
in the homogeneous transformation matrix. The geometric solution approach based on the decomposing of the spatial geometry of the robot
into several plane geometry is applied to determine the inverse kinematic problem of the robot. Dynamic equations of the robot are important
studies to provide an understanding of the behavior of robot moving in a three-dimensional coordinate frame. The Newton-Euler formulation
is utilized to recursively derive the dynamic equation of each link of the robotic manipulator, and it is used to analyze the robot by treating the
system into separate parts. The forward recursion is used to derive the generalized forces working from the end link to the base of the
manipulator, and backward recursion of the velocities and accelerations working from the base of the manipulator to the end link. The end
result is to determine the mathematical model of the robot in an explicit form and use that explicit equation to simulate the whole system. The
mathematical models of the kinematic and dynamic equations of the robot are derived, and the validity of the model is proved by numerical
simulation in conjuction with control systems.
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1. INTRODUCTION solution approach is determined by using the forward
kinematics equation and pre-multiplied on the left by the link

The manipulator is a reprogrammable, with transformation inverse. The algebraic approach used to be
multifunctional, and specialized devices desinged to applied to robot manipulators with many degrees of freedom
manipulate materials without direct physical contact by or working in a three-dimensional workspace. The geometry
the operator  (Hgifedt, 2011). Robots are programmed solution approach is based on the decomposing of the spatial
through variable motions for the performance of a variety of geometry of the robot into several plane geometry problems.

tasks. Today robot has more complicated applications and However, it is applied to the simple robot structure. Lagrange-
requires much more motion capability and sensing (Jazar, Euler and Newton-Euler formulations are well-known
2010). The motion of the robot can be interpreted in the form approaches for dynamic analysis of robot manipulators
of mathematical equations such as kinematics and dynamics. (Lynch & Park, 2017). In the standard Lagrange-Euler
The kinematic and dynamic modelings are crucial for the formulation, the robotic system is analyzed based on its
simulation of robot motions, and design of control algorithms kinetic and potential energy. The Newton-Euler formulation
(Sciavicco & Siciliano, 2012). Denavit-Hartenberg (DH) is different from the Lagrange-Euler formulation since each
convention has been used most often in the kinematic models link of the manipulator is considered separately while
of the robot manipulators (Kucuk & Bingul, 2006) such as deriving dynamic equations. This method has two
robot frame assign and robot forward kinematics determined adavantages. The recursive property makes it easy for
(Fateh, 2009). The algebraic and geometric solution implementation, and it induces the constraint equation for

approaches are the two solution approaches to determine the calculation of reaction forces at each join. Therefore, we use
inverse kinematics problems of the robot. The algebraic Newton-Euler formation for modeling the system.
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This paper focuses on kinematics, dynamics modeling,
control and simulation model of 3DoF robot manipulator
moving in three-dimensional space, and is organized as
follows. In Section 2., the forward and inverse kinematic
models are described. The models based on forward and
inverse dynamics are given in section 3. The control and
simulation of the robot are presented in section 4. The
conclusion is presented in section 5.

2. KINEMATICS MODEL

The present section focuses on the development of
kinematics modeling of 3dof robotic manipulator moving in
the 3D Cartesian coordinate frame shown in Fig. 1. The
kinematic model is to derive equations describing the motion
of the robot without considering forces and torques causing
the motion. Forward and inverse kinematics are the two
complementary tasks in the kinematics model which are used
to determine the kinematics problems of the robot.

Fig. 1. 3-RRR robot manipulator in 3D view
2.1 Forward kinematics

In forward kinematics, we wants to find the position and
orientation of the end-effector in the function of the given
joints coordinates. The manipulator here is considered to have
masses and lengths as {mi, my, ms} and {L, L, L3} for link
1 to link 3, respectively. The rotation angle of the robot from
the base to link 3 is given as 01, 02, and 0s. The joints
coordinates of the robot assigned by following the Denavit-
Hartenberg (D-H) convention as shown in Fig. 2., where the
z-axis is always in the direction of rotation of the joint.

Table 1. D-H parameters of 3dof serial robot manipulator
follow with the coordinate frame in Fig. 2

Link(i) aj ai di 0i
1 0 90° L1 01
2 L, 0 0 02

3 Ls 0 0 03
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where:
ai = link length (displacement along xi)
a; = link twist (rotation of frame i-1 around x; to get zi.x  match
Zi)
di = link offset (displacement along zi.1)
0; = joint angle (rotation of frame i-1 around zi.; to get Xi1
match x;).
H!i e
UQI ! T Y3

Yo

Fig. 2. The general coordinate set by the DH method (Kucuk
& Bingul, 2006)

From Fig. 2., we can determine the four D-H parameters
directly such as link length (a;), link twist («;), link offset
(d;), and joint angle (6;) which are obtianed in the Table 1.

The formulation for determining the transformation
matrix of link i of the robot is illustrated in (Eg. 1):

HE™ = Rot,(6,)Tran,(d)Tran,(a)Rot,(a;), (Ed.1)

where:

Rot, and Rot, present the rotation, Tran, and Tran,denote
the translation. The (Eq. 1) can be written in expanded form
as in (Eq. 2) below:

cd; —sOca; sO;sa; a;ch;
i— 0; cOica; —cOisa; a;so;
Hl 1 — S L L L L L L L E 2
¢ 0 sa; ca; d; (Ea-2)
0 0 0 1

where:

s0; and c0; are the short hands of sin(6;) and cos(6;)
respectively, and similarly for sa; and ca;. The forward
kinematics of the end-effector with respect to the base frame
is determined by multiplying all of the H!~* matrices:

ng(zlse—effecotr = H{)Hzl Hrrll_l (Eq 3)
Alternatively H? can be written as:
1 T2 Tz Dx
HO = T21 Tz T23 Dy (Eq. 4)

31 T32 133 P2

0 0 0 1



where:
I represents the rotational elements of rotation matrix (j and
k=1,2,3).

Px Dy and p, denote the elements of the position vector.
From Table 1., the values 6;,a;,d; and a; are used to

substitute in the (Eq. 2), and the homogeneous of the link 1 to

link 3 of the robot are computed respectively as in the (Eq. 5),

(Eq. 6), and (Eq. 7) below:

c6, 0 s6, O
0 — 591 0 _Cgl 0 E 5
Hy 0 1 0 L, (Eq. 5)
0 0 O 1
_Cez _592 0 L2C92_
6 cl 0 L,s6O
gl = |59z 2 2502 Ea. 6
2 0 0 1 0 (Eq. 6)
| 0 0 0 1]
_C93 _593 0 L3C93_
6 co 0 Lss6
g2 = |93 3 3503 Eq. 7
3 0 0 1 0 (Eq.7)
. 0 0 0 1]

For the three DOF manipulator, the position and
orientation of the end-effector with respect to the base frame
are derived as:

H3
C1C3 —C1S33 87 —Lycicy — Lacicys
_|81€23 —S1S23  —¢;  Lps;¢; + L3SiCp3 (Eq. 8)
B S23 €23 0 L;+Lysy +Lzsys
0 0 0 1
where :

s; and ¢, are the short hands of sin(f;) and cos(6;)
respectively, and s,5 and c,5 are the short hands of sin(8, +
65) and cos(8, + 65). In the (Eq. 8), the orientation matrix
and position vector of the end-effector are,

C€1C23 —C1S23 §1
R = [516'23 —S$1C23 _51] (Eqg. 9)
S23 C23 0
Dx —Lycicp — L3ciCa3
P = (P;,) = ( Lys1¢y + L3sCo3 ) (Eqg. 10)
j Ly + Lysy + L3s,s

2.2 Inverse kinematics

In inverse kinematics, the joint variables are determined
in function of the given position and orientation of the end-
effector. The geometric solution approach which is based on
the decomposing of the spatial geometry of the robot is used
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to determine the inverse kinematics of the manipulator here.
The given position and orientation of the end-effector point P
is shown in Fig. 3.

2o

Fig. 3. Inverse position of the robot (Lynch & Park, 2017)

The variable of joint 1 of the robot can be directly defined
as:
0, = arctan2(p,, py) (Eq. 11)

Leth = p, — Ly, and d? = p2 + h?. Applying the law of
cosines that applies in Fig. 4., then the variable of joint 3 is:

d? =13 + L3 — 2L,L; cos(m — 65) (Eg. 12)

d>— 13— 13
= R —— Eqg. 1
04 arccos( T > (Eq. 13)
Similarly for the variable of joint two:

d*+ 15— 13

= e e Eq. 14

B arccos( 2dl, > (Eq. 14)

y = arctan 2(h, p,) (Eqg. 15)

O, =y—-B (Eq. 16)

~0

B
A .//\y -
//)/l///

Fig. 4. Plane geometry for determining the variable of joints
2and 3



3. DYNAMICS MODEL

Dynamic modeling means deriving equations that
explicitly describes the relationship between the action forces
and acceleration generated by the robot. The Newton-Euler
formulation is the recursion method which is used to derive
the dynamical problem of the system. The whole Newton-
Euler formulation (Newton law of motion, Newton law of
mechanisms) has presented in (Taylor & others, 2005).
Newton law of mechanisms:

 f = mya;, (Eq. 17)

fi = Risafirr + mig; = mya, (Eq. 18)

It = w; X Lw; + ;. (Eq. 19)

Ty = RiyaTiva + fi X Tica,0 — (Ria fi) X Ty (Eq. 20)

= Wi XIl-a)l- +(I)L

where:
m,; is the mass of link i, £, and t are the force and torque acting
on the link, I and w are the moment of inertia and angular
velocity of the link of the robot.
The w of each link of the robot with respect to the base is
determined by following the formula in the (Eg. 21):
s T .
w; = (Ri™") wi—q + by (Ea-21)
where:
b; = (R?)TRQ—1ZO

4

(Eq. 22)

is the rotation of joint i expressed in frame i, q; is the
generalized coordinate of the joint, R~ is the rotation matrix
of frame i-1 to frame i, and z, is the axis of actuation of frame
zero (base).

The angular acceleration (a) of each link of the robot
with respect to the base is determined by following the
formula in the (Eq. 23):

a; = (R &, (Eq. 23)
where:
W, = w1 + bi§; + w; X biq, (Eq. 24)
is the time derivative of the w;.

The acceleration of the center of mass (a. ;) and the end
of link i (a,,;), expressed in frame i, are defined as in (Eq. 25)
and (Eq. 26), respectively:
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ac,i = (Rzé_l)Tae,i—l + d)l X ri—l,ci + w; (Eq 25)
X (wi X ri—l,ci)'
i T .

ae,i = (RLL 1) ae,i—l + w, X ri—l,i + w; (Eq 26)
X ((ui X ri_u).

where:

Ti—1,¢ 1S the vector from the origin of frame i - 1 to the center

of mass of link i, r; o; is the vector from the origin of frame i

to the center of mass of link i, and r;_, ; is the vector from the

origin of frame i - 1 to the origin of frame i.

From Fig. 2., the axis of actuationz, = [0 0 1]7, the
vector go =[0 0 —g]7, and the rotation matrix R:™* is
already computed in section 3.

3.1 Forward recursion

The linear and angular motion of the links is calculated
by applying the forward recursion Newton formulation in (Eq.
21), (Eq. 23), (Eq. 25) and (Eq. 26) respectively. The forward
recursion is starting with link 1 and ending with link 3.The
initial condition is wg = ay = acp = a,o = 0.

Link 1
The angular velocity and angular acceleration of link 1
are:

w, = b6, (Eq. 27)

ay = biGy + wy X byqy (Eq. 28)
The acceleration of the center of mass (a, ;) and the end

of link 1 (a, ) are:

(Eq. 29)

Qe = W1 X Ty + Wy X (wl X rO,Cl)

Aoy = &y XToq + Wy X (w1 X 194) (Eq. 30)
Link 2

The angular velocity and angular acceleration of link 2
are:

w; = (R wy + b,6, (Eq. 31)

ay = (RPTay + by, + wy X byq, (Eq. 32)

The acceleration of the center of mass (a.,) and the end
of link 2 (a, ,) are:

— (pINT ;
acp, = (R2) Apq + Wy X Ty + 3

Eqg. 33
X (wy X 7y) (Eq. 33)



Qg1 = (R%)Tae,l + Wy X1y + Wy X (wz X 7’1,2) (Eq. 34)

Link 3
The angular velocity and angular acceleration of link 3
are:

w3 = (R w, + bs6; (Eq. 35)

as = (R)"a, + b3Gs + w3 X bsqs (Eq. 36)
The acceleration of the center of mass (a.3) and the end
of link 3 (a, 3) are:

Ac3z = (Rg)Tae,z + W3 X Tye3 + w3 (Eq. 37)
X (w3 X 1,03),

Aoz = (R ey + &g X 13 + w3 X (w3 X 1’23) (Eq. 38)
3.2 Backward recursion

The forces and joint torques acting on the links are
calculated by applying the backward recursion Newton
formulation in (Eq. 18) and (Eq. 20) respectively. The
backward recursion is starting with link 3 and ending with link
1. The terminal condition is f, = 7, = 0.

Link 3
The gravity vector of link 3 is g5 = (R3)" g,. The force
and joint torque exerting on the link are:

f3 =mza.; —msgs, (Eg. 39)

T3 = —f3 XT3 + w3 X (303) + L3d3 (Eq. 40)
Link 2

The gravity vector of link 2 is g,
and joint torque exerting on the link are:

(RNTg,. The force

fo = Rifs + myac, —myg, (Eq. 41)
T, =R3T3 — fo X1y ep + R§f3 X Tyc2 T W3 (Eq. 42)
X (Lw,) + La,
Link 1

The gravity vector of link 1 is g; = (R))Tg,. The force

and joint torque exerting on the link are:
fi =Rif + mya.; —myg, (Eq. 43)
Ty = RyTy — fi X Toe1 + R3fo X Tyoq + @0y

x (Lhwy) + 1dy (Eq. 44)
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By substituting the angular velocity, angular acceleration
and link acceleration that are computed in the forward
recursion in the backward recursion equation, the dynamics
model of the robot is determined. To be more convenient for
simulation, the dynamics model of the robot is written in an
compact form as:

M(q)G +h(q,q) =T (Eq. 45)

where:

M (q) is the inertia matrix, q is the generalized coordinate of
the joint, T is the torque vector, and h(q,q4) = C(q,q) +
G(q) is the Coriolis and Centrifugal, and the gravity term
respectively. The element of the matrices M,C, and G are
found respectively below:

1
M11 = E(sz + I3X + 211y + Izy + 13y - IZX COS(ZGZ) +
Iy c0s(26,) — I3, cos(20, + 263) + I3, cos(26, +
205)) + i(L§m3 cos(8, + 83) + Lim; cos(8,) +
L3m, cos(6,) + 2L,Lym; cos(8, + 63) +
2L,Lym4 cos(6,)),
My, = My3 = M,, =0,
MZZ = IZZ + 132 + L%m3 +%(L%m2 + L%m:),) +
L2L3m3cos(613), )
M3z = M3, = I3, + ZL§m3 + 5L2L3m3C05(93)'
M31 = 0,
1
M33 = I3Z + ZL23m3
Cy = 6,0, (I, 5in(26; + 265) — L, sin(26, + 265) +
Loy $IN(20,) = Ly 5in(26,) + = L3m; sin(6;) —
§L23m3 sin(26, + 03) — %L%mz sin(26,) —
L3m; sin(20,) — < 13m; sin(26, + 265) +
iL2L3m3 Sin(93) - %L2L3m3 Sin(262 + 03) -
iL2L3m3 Sln(zez)) + 9193 (13x Sll’l(292 + 293) -
sy Sin(26; + 263) — < L3m; sin(26, + 26;) —
1 , 1 )
SL2Lyms sin(63) — 5 LaLyms sin(20, + 93)),

Cy = 02 (5 15y SIn(26; + 265) — 3 I, sin(26; + 265) —
%Iz,c sin(26,) + %Izy sin(26,) + iLémz sin(26,) +
%Lzzm3 sin(26,) + %L§m3 sin(20, + 26;) +
> LyLyms Sin(20, + 65)) — 5 Ly Lymg sin(8;) 2 —
L,Lzmg sin(63) 6,65,

Cy = 67 (313, sin(26, + 265) — 3 Iy, sin(26, + 26;) +

§L23m3 sin(26, + 265) + %Lngm3 sin(6;) +
%L2L3m3 sin(26, + 93)) + %Lngm3 sin(63) 63.
Gl = 0,



G, = %g(Lzm2 cos(8,) + 2L, m5 cos(8,) + Lymgcos(6, +

65)),
Gz = %gL3m3cos(t92 + 65)

4. CONTROL AND SIMULATION

The Simulink model in Fig. 5. is designed to verify the
dynamics model which is derived in section 3. This model is
simulated as the ideal case of the system with no feedback
from the output. The output of this simulation is the joints
positions and joints velocities correspondence to the zero

torques applied. The initial condition is q_j: =
[00000 O]T.
‘ x_dotf|—m - [:]
Torque K}
X fen
States
Block Dynamics
T out.Responds

To workspace

Fig. 5. Open loop Simulink model

The response of joints 2 and 3 in Fig. 6., both positions
and velocities are very oscillated around its equilibrium point
due to the excitation of gravity on link 2 and 3. But the
response of joint 1 is zero because gravity does not affect link
1 of the robot.

n 2 3 4 3 f 7 8 9 1]
Time (s)

() =

Juint 1
Juint 2
Joint 3

Position (rad}

Toint |

AT

-10
10
Time ()

Velocities {rads)
(=

il

Fig. 6. The opened loop response with zero torque was applied

The Simulink model in Fig. 7., built in a closed-loop
system with the velocity feedforward, position feedback
control architecture, and PID controller. The system is
simulated by assuming that the dynamics of the motors and
joints friction are known. The output results are joints
positions and joints velocities. The joints velocities are used
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to feedforward to the system to regulate the response track to
the desire. The simulation is studied on two conditions,
simulated with the constant input 1 and cosine wave. Pl
control is used in the simulation procedure.

<
= Switch
N, o

V A1 | cosine wave

Sine  Time derivative

Volt_in

Vo

PID(z)

Voi3_in

Controller2

System/Plane

Fig. 7. Closed-loop Simulink model with PID controller

The simulation results of the system with a constant 1 and
zero are used as the desire joints positions and joints velocities
shown in Fig. 8. The responses of the system track the desires.

LS T T
R M
z Constant
2 Joint |
.g Uy Joant 2
= luint 3
0 I 1 I 1 1 I 1 ! 1
1 2 3 4 5 -] T 3 9 10
Time (s}
Joinl 1
= 40 Joint 2
ES Joint 3
=2k
20
2 |
o9 ]
= or VN
-
B L 1 . L L L 1
0 2 i 4 3 ] 7 R 9 n
Time {5}

Fig. 8. The response of the closed-loop system with a constant
1 and its derivative is used as an input

The cosine wave and its derivative are used as the desire
joints positions and joints velocities. The simulation result is
shown in Fig. 9. The responses of the system asymptotically
track the desires.



Posilion {rad)

Time: (s}

Joint 1
Joint 2
Joint 3

WVeloeilies (rad/s)

T
/:;.
L

Time (s}

Fig. 9. The response of the closed-loop system with cos(t)
and its derivative is used as an input

5. CONCLUSIONS

In this work, the mathematical modeling of the system of
3DOF robot manipulator which moves in three-dimensional
working space is completely derived by using Newton-Euler
formulation. This provides the basic concept for mechanical
design, controller design, and simulation. The dynamic model
allows us to compute the joints variable in function of forces
and applied or compute the forces/torques of the robot in the
function of joints variables. The simulation model allows us
to verify the mathematics model and to design the controller
for the robot. The results of the simulation show that the
system with Pl asymptotically tracks to the desires in both
cases of constant and a cosine wave. The further research will
be focusing on designing the controller by using velocity and
acceleration feedforward, position feedback control
architecture, and build the prototype of the 3 DOF robot
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manipulator. Moreover, the prototyping will be used as the
concept to design and build the legged robot for which each
leg uses the 3DOF robot manipulator. Furthermore, design
and build a robot manipulator with more degrees of freedom
which can work with a variety of tasks in widely workspaces.
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